A New Probability Density Function:
(The General Variable-Rate Probability Function)

ABSTRACT

Calculation of probability of events is often based on the assumption
of the variable distribution. This is a bold decision that is not always
right, which requires adjustments to force conformity to the empirical
evidence. The Variable-Rate Probability Density Function (VRPD
function) is the result of a proof based on a mental experiment in which
the variable was not forced to fit into any preestablished distribution.
Instead, the experiment was allowed to guide the proof from its
observable behavior.

The result is a density function to calculate the probability of events
for any stochastic process by only knowing its rate events function.

I. INTRODUCTION

POISSON distribution is one of the most familiar discrete

distribution functions when it comes to calculate the probability
of having a certain count of events in a period of time (or in an
area or volume). However, a key assumption to successfully
applying this distribution is that the random variable is Poisson
distributed, which means that:

i) The number of events in an interval is
independent of the number of events in any other
interval

i) The probability of a single event in (¢t,t + h)
depends on a constant rate in that interval

iii) The probability of more than one event in (¢, t +
h) is neglected. i.e.: o(h).

However, in several cases there is need:
i) To know the probability of having an event in a

given interval — not the probability of having a
certain number of events in that interval

i) That the probability be in any continuous time
interval
iii) That the time interval be as small or large as

required by the experiment

The probability of an interruption or failure in a system life
cycle or in an organizational process are examples of cases
where assuming the variable is Poisson distributed is not
appropriate. Here is where the VRPD theorem is the right
solution.

Il. PROOF OF THE PROBABILITY DENSITY FUNCTION TO ANY
VARIABLE-RATE STOCHASTIC PROCESS

A. Theorem

The probability of one or more events (probability of success:
P(X=1)) of a stochastic process in any interval t, <t < t,
along its lifecycle with a known interruption rate function
A(t) is given by:

With K(t), the subspace of events of the process along its
lifecycle

Proof:
Suppose an experiment with m processes or systems (p/s) of

the same kind, starting their lifecycle at the same time t = 0.
Now let us take a timeframe at out of the p/s lifecycle of size
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Figure 1.

The number of interruptions of a p/s; on the interval AT will
be: Ni;, and the total number of interruptions (successes
count) of the m processes in the interval AT is given by:

m
¢ = Z Ni; (eql)
=



The mean interruption count of the m systems on AT at the
time t; is given by: :—; which is the empirical probability of
interruption of the p/s type as it is stablished by the theorem
of large numbers for Bernoulli trials:

lim P (|% —-pi| = e) =0 (eq2) (eq2)

m-—oo

With p;: Probability of a Bernoulli event at the time ¢; in a
timeframe AT; e: any positive number.

An equivalent identity is given by the general low of large
numbers which states that:

lim = = p; (eq3
Jim — =p; (eq3)

Without losing generality, we can say that the interruption rate
of ap/sinaninterval AT =t, < T < t, is given by:

. Ci bi
nlfLII»rgo (m * AT) - E = 41 (eq4)

With X: the random variable. The successful event (X = 1) is
the occurrence of one or several events in AT = t, — t,,.

A;: the rate of events in AT.

Now, if we divide the time interval AT in two intervals, we will
have that the probability of an event in AT resulting from any
two independent and non-exclusive events, is given by:

P(X = D¢y<t<t, = P1 + D2 — P1D2
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Whereby, from eg4, if we divide AT in n intervals, withn > 2,
the probability of one or more interruptions, i.e., (P(X = 1)),
taking place along t, < t < t,,, can be expressed as follows:

P(X = 1)tost<tn

i=1 j=i+1k=j+1

+ 0| o eas)

With:

[to, t,), any interval in [0, o).
The time interval given by % = %T

X = 1: successful event: one or more events.
i#Fj#*k+-rVijk, . ,rWithijk, .., r=23,..,n
pi!pj! Pk s Dr:

the probability of interruption in the time interval i, j, k, ...

n: a possitive integer.

The first sum of eg5 has () terms, i.e., n terms; the second,
(%) terms; the third, (7;) terms, and son on. The sum before
the last one has (") terms, i.e., n terms.

For instance, if we divide the subspace of events in ten
intervals, i.e., %, the sums that compound the eg5 will have
the following number of terms:

<110> =10 <120) =4 <130) =120 (140) 210 (150>

=252 (10)210 (10)—120 (10)
7 \e "\7) "7 \8

—45'<10>—10
=45 (4 )=

Plus, the last term, corresponding to (— 1) * 112, ;.
When n is even, it appears a mid-term (252 in the example

above). When n is odd, the pattern is a perfect mirror. The
total number of terms of the eg5 is given by:
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2

Now, to calculate the probability of an event (e.g., one or
more interruptions or failures) in any variable rate process

using the eqgb5, we must consider that, if n increases, An—T

decreases in the same proportion. Therefore, if AT is divided
in n intervals, with n very large, eg5 converges on the second
sum and can be written as follows:

n n-1 n
PX = 1)tost<t,, = pi — Z Z pibj
i=1 i=1 j=i+1
AT n AT 211—1 n
i=1 i=1 j=i+1
. AT
Making At = — from eg4 we have:
n-1 n n-1 n
Y mp =@y Y ad; (ean)
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But,
n-1 n 1 n n n
Z Z Ay =3 ZZMJ —Z/lf (eq8)
i=1 j=i+1 i=1j=1 i=1

Then, eg6 becomes:

n
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i With a Rate Function Continuous by parts

Let us suppose that for t, <t <t,, there is a continuous
function by parts ¢;(t) that represents the rate of events in every
At such that:

oy fG@®) >0, ti St <ty
G = { 0, otherwise
And(t=v) = A, tig Sv<t,withi=123,..,n

According to the Mean Value Theorem we can find a value A;
such that:

[ Gdu

i = At (eq10)

or,what is the same: At * A; = p; = f ¢;(w)du (eqll)

Now, with:
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f Gu(wdu (eq12)
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Eq9 becomes:

P(x = 1)t05t<tn

t 2
Z( f Zl(u)du> (eq13)

i=1

ii. With a Continuous Rate Function

Until now we have ¢;(t) as a continuous function by parts,
i.e., continuous in every interval t;_; <t < t;, such that

ROz

Now, let us suppose that instead of having a continuous
function by parts, there exists a continuous function A(t) in
to <t <t,and:

A0 =) 4 (eqi)
i=1

Besides:
dA(t)—/lt Vi, to <t <t
dt - ( ) y Lo = n
Thus:
n t; 2 n t; 2
Z f{i(u)du - Z fz(u)du
=1 \tiq =1 \tjq
Therefore

= [A(t1) — A(to)]? + [A(ty) — A(ty)]?
+ [A(ts) — A(t2)]? +
+ [A(tn) - A(tn—l)]z

= A*(to) + A%(ty) + 2[A%(ty) + A2 (L) + A%(t3) + -
+ A% (ty-1)]
= 2[A(t)A(to) + A(t)A(ty) + -
+ A(tp-1)A(tn—2) + A(tn)A(tn-1)] (eq15)

As At is very small (At « 1), we have that: A(t;,1)A(t;) =
A%(t;), from eq 10 and with eq15:

t;

2
(At)ZZAZ ( f A(u)du> = N2(t,) — A2(ty) (eq16)
t

i-1

Provided that eql2

becomes:

M) = (O Ve, witht <t <t,

tn

S = j Aw)du =A(t,) — A(ty) (eql7)

to



That with eq16 into eq13 becomes:

1
P(x = Dystat, =S — 5[52 — (M2 (tn) — A*(to))]

Which is the same as:
1 2
P(x = 1)t05t<tn =S5- E[S = 5(5 + 2A(tp))]

Now, factorizing we have:
P(x = 1)tost<tn = S(1+ A(to)) (eq18)

As we stated, if there is certainty that the event will occur at
least once in 0 <t < t,, e.g., the probability of failure or
interruption of a process or system along its lifecycle, we
may say, from eq18:

lim P(x = 1)octer, =K1 +A0) =1 &

tp—

1
(1+A(0) = (eq19)

Note: From eql2 we know that K is the subspace of all the
events. K will depend on the process under analysis, for
instance, if we take the subspace of all events along the
process’ lifecycle, i.e., t, = 0,and t, — oo, and if the limit
exists, we have:

tn

K= tlim S= tlim A(t)dt

0

Or, factorizing, the restriction we have:

A(ty) — A0) = K

Then, with eql9 into eql8, without losing generality, the
probability of interruption of an EP in any time interval
t: [ta, tp) IS given by:

S

P(x = 1)tast<tb = K

Thus, in the most general case:

1

PX = Diyeccn = 15 f A@®)dt (eq20)

Conclusion:

The probability of interruption of an EP in a given interval is
the ratio between the area under the rate function in that
interval and the associated subspace of events, where the
subspace of events, K(t), may be a constant or a function of
time, as it happens with conditional probability of failure.

The probability density function to any variable-rate processes
with a continuous interruption rate function A(t), is given by:
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